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OPTIMUM MOTION IN A CENTRAL FIELD KEEN THE OPERATION TIME 
OF A PROPULSION SYSTEM IS GIVEN 

Yu. N.  Ivanov, V.  A. Vinokurov 

ABSTRACT a I bS7 
A method was proposed i n  re ference  1 f o r  so lv ing  the  @ 

v a r i a t i o n a l  problem o f  maximum u s e f u l  load de l ivery  from a 

motor with l imi t ed  power i n  a given operat ing time. 

essence of t h i s  method i s  as follows: 

The 

a new phase coordi- 

na t e  t 

motor, as w e l l  as a new cont ro l  6( t ) - -a  r e l a y  funct ion which 

is  introduced which is t h e  running t i m e  of the  m 

t akes  on t h e  value 1 when the motor i s  rron" , and 0 when t h e  

motor i s  "off"--and a d i f f e r e n t i a l  r e l a t i o n s h i p  i s  found 

between tm(t) and 6(t): tm= 6 .  The con t ro l  funct ion of  

t h e  motor--the discharge ( o r  t h r u s t ) - - i s  mul t ip l ied  i n  a l l  

equat ions by t h e  funct ion 6 so  t h a t  t h e  new discharge co- 

i nc ides  with t h e  o ld  when 6 =  1, and vanishes when 6 =  0 .  

The equat ion f o r  6 ( t )  i s  determined from condi t ions f o r  t h e  

extremum of the  c e n t r a l  func t iona l  and boundary condi t ions 

f o r  t ( O ) =  0 ,  tm(T) =Tm. 

f i e l d s ,  t he  v a r i a t i o n a l  problem is  completely solved, and 

F o r  p l ane -pa ra l l e l  and zero-force m 

r e s u l t s  are given i n  reference 1 f o r  s e t t i n g  up a given 

modulus of speed and f l i g h t  between two quiescent  po in ts .  

A s imilar  formulation of the v a r i a t i o n a l  problem f o r  a 

"Numbers given i n  margin ind ica t e  paginat ion i n  o r i g i n a l  fo re ign  text. 
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c e n t r a l  f i e l d  r equ i r e s  a numerical so lu t ion .  

t he  authors  so lve  t h e  va r i a t iona l  problem f o r  f l i g h t  between 

I n  t h i s  paper 

c i r c u l a r  o r b i t s  i n  a c e n t r a l  f i e l d .  A motor with l imi t ed  

power i s  assumed which i s  i d e a l l y  con t ro l l ab le .  The oper- 

a t i n g  time of t h e  motor i s  given and is  l e s s  than t h e  time 

of motion. In  s e c t i o n  1, the problem i s  formulated and re- 

duced t o  a boundary problem fo r  ordinary d i f f e r e n t i a l  equa- 

t i o n s .  The method f o r  solving t h i s  boundary problem i s  set 

f o r t h  i n  sec t ion  2 ,  and the  r e s u l t s  of  ca l cu la t ions  are 

given i n  sec t ion  3. 

1. Equations of plane motion i n  a c e n t r a l  f i e l d  i n  terms of  accelera- 

t i o n  are given as follows: 
x" = a cosi$- fMx/(xa + y2))" 

y" = a sill 6 - f M y  / (xz + y',"', (1.1) 

Here x and y a r e  rec tangular  coordinates with the  o r i g i n  a t  t h e  cen te r  

of t h e  g r a v i t a t i o n a l  f i e l d ;  .f i s  t h e  g r a v i t a t i o n a l  cons tan t ;  M i s  t h e  mass of 

t h e  c e n t r a l  body; a is r e a c t i v e  acce lera t ion ;  8 i s  t h e  angle  between t h e  t h r u s t  

vec to r  and a x i s  Ox; and a dot i nd ica t e s  d i f f e r e n t i a t i o n  with r e spec t  t o  t i m e .  

The i n i t i a l  and f i n a l  values  of coordinates  d o ) ,  y(O>, Z ( P ) ,  y(2") and 

v e l o c i t i e s  { x ' ( O ) ,  y ' ( O ) ,  Z(Z'), y ' ( T ) )  for motion between two c i r c u l a r  o r b i t s  may 

be-expressed  i n  terms of  t h e  r a d i i  of t h e  orbiPs ro, rl and t h e  angular  d i s - "  

The energy value of a maneuver f o r  an i d e a l l y  con t ro l l ab le  motor of 

l i m i t e d  power is given by t h e  func t iona l  

2 



T 
J =: aDdf  

0 (1 .3)  

The use fu l  load i s  a maximum when J i s  a minimum. / 5 7  - 
To solve the  v a r i a t i o n a l  problem f o r  a minimum of  func t iona l  J when t h e  

time T 

and e f f e c t i v e  running time t ($1. 

problem is  ( r e f .  1): 

f o r  e f f e c t i n g  con t ro l  is given, we introduce t h e  r e l ay  func t ion  6(t), m 
The complete system o f  equations f o r  t he  rn 

J' = a26, x' = u, y' = v t,'= 6 
U' = a6 COS 6 - x / ( x ~  + y2)'l*, u' = a6 sin 6 - y / (x2 + ya)'/l, 

J (0) = 0, x (0) = 1, (0) = 0, u ( O ) ' =  0, v (0) = 1, t ,  (0) = 0 ' (1 .41  

u ( T )  = cos y1 / r:/i, 
J (2') - min, 
u (2') = - (sin cpl) / r:'1 , 

z (2') = r1 cos 'pl, y (2') = rl sincp, 
t.,t (2') = T, 

In  system (1 .41 ,  t h e  t imes,  coordinates ,  acce le ra t ions  and func t iona l  

appearing i n  expressions (1.11, ( 1 . 2 )  and (1.3)  are de-dimensionalized: The 

l i n e a r  dimensions a r e  ad jus ted  t o  the r ad ius  o f  t h e  i n i t i a l  o r b i t  ro, t imes t 

and t 

 IT, and the  o ld  no ta t ion  is maintained f o r  dimensionless values.  D i f f e r e n t i a l  

a r e  reduced t o  t h e  t i m e  of revolut ion i n  t h e  i n i t i a l  o r b i t  divided by m 

equat ions of t h e  second order  (1 .1)  a r e  given as four  equations of  t he  first 

order .  

To f i n d  optimum con t ro l s  a(t), e ( t > ,  &(&I, we set  up the  Hamiltonian 

and w r i t e  out  t he  equat ions for t h e  momenta 

N = - la96 + pxu + p,v + pu [ U S  cos 0 - 5 / (x2 + ?jy] + 
+ pu [ a6 sill 6 - y / (2 + y:!)'j*] -t p,6 t 

( 1 . 5 )  

The maximum f o r  H with respect  t o  4 8 and 6 i s  determined by fulfillment 

of t h e  following condi t ions:  

3 



Thus, t he  v a r i a t i o n a l  problem h a s  been reduced t o  so lv ing  t h e  boundary 

problem f o r  t he  d i f f e r e n t i a l  equations 

\ Z' = U, y' = V, U' = pu6 - 5 / (z2 + ya)')" \ 

(1.7) 

2 (0) = 1, g (0) = 0, u (0) = 0, u (0) = 1, t, (0) = 0 

z (T) = rl cos 'pl, 

u (2') = - (sin cpl) / ri/: ,  
p (2') = rl sin 'pl, t, (2') = T, 

v (T) = cos 'pl I rifs , 

/ 5 8  - After  so lu t ion  o f  t h e  boundary problem, the  funct ions 

a r e  determined, and t h e  con t ro l  func t iona l  

0 

may be ca lcu la ted .  

The v a r i a t i o n a l  problem under considerat ion contains  four  parameters: 

T ,  $1, rl and Tm. 

meter T 

carry out  t he  parametr ic  ca lcu la t ions  with respec t  t o  p 

t o  Tm. 

t m ( T )  = Tm; 

If t h e  conditions of t h e  problem are such t h a t  t he  para- 

must run through a number o f  values ( T m s  T ) ,  then it i s  convenient t o  

and not  with respec t  

m 

m y  
In  t h i s  case,  t h e r e  i s  no necess i ty  i n  (1.7) t o  s a t i s f y  the  condi t ion 

t h e  equation f o r  t may be in t eg ra t ed  af ter  so lu t ion  of t he  bound- m 
ary problem simultaneously with the ca l cu la t ion  of func t iona l  (1 .8)  

\ 
T 

T , = S  6 ( t ) d t .  
0 

(1.9) 
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2. When solving boundary problem (1 .7)  (with parameter p m and not  Tm), 

t he  values of  must be chosen i n  such a way t h a t  t h e  

func t ions  

the  i n t e r v a l  on the  r i g h t .  

given values  of t h e  coordinates  and v e l o c i t i e s  and t h e  values der ived f o r  a 

a r e  equal t o  t h e  given values a t  t h e  end of  

Let us form difference-discrepancies  between t h e  

f ixed  s e t  of i n i t i a l  values 

Pxo, Puo, Puo, Po0 

we may compute the  values o f  t h e  
3 For each quadrupole 

= n A  r n n c n n i i n n f l y r  f ? 2 x t i o n c  ----- -3 ---- --J 
t h e  discrepancies  i f  we so lve  

t h e  Cauchy boundary problem f o r  system ( 1 . 7 )  with the  d e f i c i e n t  i n i t i a l  values 

By c a l c u l a t i n g  t h e  funct ions a t  any poin t  i n  t h e  space 

and applying the  ru l e s  f o r  numerical  d i f f e r e n t i a t i o n ,  w e  can 

f i n d  t h e  first de r iva t ives  second de r iva t ives  , 

etc.  
a a x / d P x o ,  d Q x l ~ P l / o * .  . ., % J / a p x o ,  ..., I 

Selec t ion  of t h e  d e f i c i e n t  i n i t i a l  values  of  which 

s a t i s f y  t h e  f i n a l  condi t ions for coordinates  and v e l o c i t i e s  reduces t o  so lv ing  

a system of a lgeb ra i c  equations given i n  i m p l i c i t  form 

( 2 . 2 )  
ou (Pa, Pm, P u o 5  Poo) = 8, % , ( h * - 8 m *  Puol PUO) = 0 a \ 6.z (Pm, Pvo7 Puo, Pco)  0, Qu ( P a y  P U O ~  P a t  PVO) 0 

Newton's method was used f o r  f ind ing  t h e  roo t s  of equation ( 2 . 2 ) .  The 

algori thm of  t h i s  method is q u i t e  well known and is  f requent ly  used i n  equa- 

t i o n s  o f  t h i s  type ;  t he re fo re  we s h a l l  po in t  ou t  only those s p e c i a l  po in t s  i n  

5 
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t h e  method assoc ia ted  with t h e  l a rge  number of  parameters i n  t h e  problem. 

We s h a l l  assume t h a t  the  boundary problem is solved f o r  t h e  parameters 

T", Vi', rl', 

termined, and t h e  problem must be solved f o r  T', %', r;, T,", If t h e  parameter T ' I  

d i f f e r s  only s l i g h t l y  from T m ' ,  then it is  appropr ia te  t o  take  the  previous 

s o l u t i o n  p1~4);rg~,pb ,p+ as the  zero approximation of Newton's method f o r  

Pm', Pw', PUO p%. The c l o s e r  t h e  values of T ' and Tmrl,  t h e  higher  t he  probabi l i -  

t y  t h a t  Newton's i t e r a t i o n  process w i l l  be convergent with t h i s  zero approxi- 

i. e., t he  i n i t i a l  de f i c i en t  values  pm*, pw', p , , ~ ' p . ~ "  - have been de- 

m 

r w t .  

m 

mation. 

The problem 

s m a l l  values T 5 T 

previous so lu t ion  

A similar argument 

m 

/59 - may be checked w i t h  r e spec t  t o  parameter 9 

by making any small change i n  t h e  parameter T 

h, Plm, p ~ ,  p m  may be used t o  assure  a convergent process.  

holds for t h e  o ther  parameters T, $1 and rl .  

down t o  m 
so t h a t  t h e  m 

Figure 1 

If T 4 1, 'pl < i:'?'.,, ,a= T., t he  c e n t r a l  f i e l d  i s  s a t i s f a c t o r i l y  approxi- 

mated by a zero-force f i e l d ,  and t h e  v a r i a t i o n a l  problem has a s i m p l e  analyt-  

i ca l  s o l u t i o n  ( r e f .  1). By f ind ing  pxo, p m  .P_~~,\ from t h i s  so lu t ion ,  we may 

use them as a zero approximation f o r t h e  problem i n  a c e n t r a l  f i e l d .  

success ive ly  changing t h e  parameters 

necessary  and using the  procedure described above, the  problem may be checked 

i n  t h e  requi red  range f o r  T, 'pl, rl,. TAV 

Then by 

T,-gl, r,, Tit\ t o  higher  and lower values  as 

Se lec t ion  of t he  i n i t i a l  unknowns p3ro,pvo,puo,poo\ is assumed t o  be com- 

6 



I .  

p le t ed  when t h e  condition 

7/(G,("))'+ (Qll("))2 + + (Go("))' <&\ (2 .3)  

is f u l f i l l e d  a t  t he  n-th s t e p  of  t h e  process.  

i n  ca l cu la t ion .  

Here E is t h e  permissible  e r r o r  

3 .  Calculat ions were made f o r  f l i g h t  from a c i r c u l a r  o r b i t  with rad ius  

ro = 1  t o  a c i r c u l a r  o r b i t  with r l =  1.52; i n  most cases ,  t h e  mean angular  

ve loc i ty  of  t h e  f l i g h t  was taken as equal t o  t h e  angular ve loc i ty  of motion 

i n  t h e  i n i t i a l  o r b i t :  (+1/27= 1 

Figure 2 Figure 3 

The r e l a t ionsh ip  between t h e  func t iona l  J and t i m e  of motion T i s  

given i n  f i g u r e  1 f o r  t h e  case where t h e r e  a r e  no pass ive  regions on the  tra- 

j e c t o r y  ( T  = $11 = T I .  Figure 2 shows t h e  family of curves JfC(T 9:) f o r  various 

values  of  !Z'($Il = T I ,  where 

m m 

J* = J (T,,, T) ~ J T *  = T ,  Tw*- Tal T,< 

The ca l cu la t ions  showed t h a t  t he re  i s  one passive region on t h e  tra- 

j e c t o r y  i n  t h e  range 0 . 5 5 T ~  4 .5 ;  i n  t h i s  i n t e r v a l  of  v a r i a t i o n s  i n  times o f  

motion, and f o r  0.8 < T f ~ s  1.0 ,  t h e  r e l a t i v e  change i n  t h e  funct ional-- the 

q u a n t i t y  Jit--is weakly dependent on T. 

i n  t h e  func t iona l  f o r  var ious T i s  12-13%, which agrees s a t i s f a c t o r i l y  with 

m 
When TmfC= 0 . 5 ,  t h e  r e l a t i v e  change 

7 
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t he  r e s u l t s  f o r  a zero-force f i e l d .  

r e a c t i v e  acce le ra t ion  a r e  given i n  f igu re  3 for T =  4.5 and various values 

of Tm. 

Laws f o r  t he  change i n  t h e  modulus of 
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